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1 Introduction 


In this paper the associative superalgebra A = SH 3 ( 0) with two-dimensional space of 
supertraces is presented. It is shown that (i) it is simple, (ii) its commutant 21] = 
[SH 3 ( 0), SH 3 ( 0)} is a simple Lie superalgebra and (iii) 21 1 has at least 2-dimensional space of 
nondegenerate bilinear invariant forms. Would 2li be finitedimensional superalgebra having 
2-dimensional space of invariant bilinear forms, it necessarily would not be simple. 

The superalgebra SH 3 ( 0) belongs to the class of superalgebras of observables of N-particle 
Calogero model which is denoted in || as SH' N (u), where v is a coupling constant of this 
Calogero model IQ. 

Let Xi G M, i — 1, ..., N. 

The Hamiltonian of Calogero model after some similarity transformation attains the 
form 

1 N 

H C al = ~~ E 
Z i =1 

which coincides with the operator 

1 N 

" = {“?.“!} ( 2 ) 


d 2 

dxf 


d 


x „■ 


V 




Xi 


Xj dxi 


( 1 ) 


on the space of symmetric functions. The annihilation and creation operators af (a = 0, 1 
correspondingly) acting on the space of complex valued infinitely smooth functions of X\ 1 
x 2 , ... , Xn are expressed via the differential-difference Dunkl operators D^x) [Q 


d 


N 


= —7=(xi + (-1 ) a Di(x)), where D t = - -h i/E- 

V2 oxi Xi-xi 


(1 - K a 


( 3 ) 


and Kjj = Kf are the operators of elementary transpositions 


KijXi = XjKij, KijXk = XkKij if k ^ i and k ^ j, 


( 4 ) 


satisfying as a consequence the following relations: 

Kijaf = a^Kij, K tJ af = afK^ if k ^ i and k ^ j, = 1. 
The operators af satisfy the following commutation relations 


j 


= e «/3 


Sij + v5 : 


N 

■a E 

1 = 1 , 


Kjl ISSjz£ n K. 


I , 


where e a/3 = —e^ a , e 01 = 1, which lead 0 to the relations 


( 5 ) 


[H, af] = —(—l)“af, 

and, therefore, a] when acting on the Fock vacuum |0) such that a°|0) = 0 for any j, give 
all the wavefunctions of the model (J|) and, consequently, of the model (jT]). In |?]] Perclomov 
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operators 0 , describing the wavefunctions of the model ([[]) are expressed via these operators 
«“■ 

Definition 1. SHn(u) is the associative superalgebra of all polynomials in the operators 
Kij and af with Zo-grading i r defined by the formula: vr(af) = 1, tt(K ij) = 0. 

The superalgebra SH^{y) is called the algebra of observables. 

It is clear that SHn{v) = SH i(0) ® SH' N (u), where SH i(0) is generated by the opera¬ 
tors a a = Eiaf/VN satisfying the commutation relations [a“, aP] = e al3 , while SH' N {y) is 
generated by the transpositions K {j and by all linear combinations of the form AjCzf with 
coefficients \ satisfying the condition A, = 0. 

The group algebra C[«Sjv] of the permutation group Sn, generated by elementary trans¬ 
positions Kij is a subalgebra of SH' n {u). 

Definition 2. The supertrace on an arbitrary associative superalgebra A is complex¬ 
valued linear function str(-) on A which satisfies the condition 

str(fg) = (-1 )A f M 9 ) s tr(gf) (6) 

for every f,g E A with definite parity. 

It is proven in []8| that SH n (i/) has nontrivial supertraces and the dimension of the 
space of the supertraces on SH N (v) is equal to the number of partitions of N into the 
sum of positive odd integers. [] In particular, SH-fiv) has only one supertrace and SHfiv) 
has two independent supertraces. Since SH^(u) = SH\ (0) 0 SH' N {y ) and SH i(0) has one 
supertrace, it follows that the numbers of supertraces on SHjsr(v) and on SH' N (v ) are the 
same. 

Every supertrace str(-) defines the bilinear form B str \ 

Bstrif, 9) = Str(fg). (7) 


Since the complete set of null-vectors of every invariant bilinear form constitutes the two- 
sided ideal of the algebra, the supertrace is a good tool for finding such ideals. 

It should be noticed that the existence of supertraces depends on the choice of Z 2 -grading 
7r, while the existence of an ideals does not depend on the grading. 

In the well known case of SH^fu) corresponding to the usual two-particle Calogero model 
the only supertrace defines the bilinear form (7) which degenerates when v is half-integer |5J, 
hence, the superalgebra SH' 2 {y) has an ideal for these values of v. When N > 3 the situation 
is more complicated as SH' N (v ) has more than one supertrace. In the case of finitedimen¬ 
sional superalgebra this would be sufficient for existence of ideals but for infinitedimensional 
superalgebras under consideration the existence of ideals is not completely investigated yet. 

It is shown in [1C] that in the superalgebras SH'fiu) with v — n ± 1/3 or v = n + 1/2 
(n is an integer) there exists one supertrace with degenerated corresponding bilinear form 
( 0 ) and that for the other values of v all the bilinear forms corresponding to supertraces are 
non-degenerate. 

One can suggest that for the latest case the corresponding superalgebras are simple. 

Below it is shown that the associative superalgebra SH'fi 0) is simple and that its corn- 
mutant is simple Lie super algebra. 


1 The analogous result for Calogero model based on arbitrary root system M is presented in |T| 
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The paper is organized as follows. In Section the generating elements of associative 
superalgebra SH' 3 ( 0) are presented together with the relations between them. The simplicity 
of SH 3 ( 0) is proved in Section |3] and in the last section the simplicity of [SH 3 ( 0), SH 3 ( 0)} 
is established. 


2 The algebra SH%( 0) 


In this Section we present the generating elements of associative superalgebra A = SH 3 ( 0) 
and relations between them. 

Let A = exp(2m/3). As a basis in C [S3] let us choose the vectors 

L k = ^(\ k K 12 + K 23 + \~ k K 31 ), 

Qk = \{l + \ k K l 2 K 13 + \~ k K 12 K 23 )i 
L{-\- 3 L { ? Qi +3 Qii 

t def j xw def ^ 

L± — L± 1 , 1 . 

Instead of the generating elements af let us introduce the vectors 

x a = af + Aaf + A 2 af, x d = x°, x + d = x 1 , 


de f „ 0 


y a = a“ + A^af + Aaf, y = ?/ u , r/ + ‘= y\ 

which are derived from af by subtracting the center of mass a a — - ^ a\ 

3 i=l,2,3 




The Lie algebra si 2 of inner automorphisms of SH 3 (0) is generated by the generators 


T a0 = -(x a y 0 + x 0 y a ). 
o 

These generators satisfy the usual commutation relations 

pna;/3 J ^ aSj-i/3 7 _|_ ^(3 / yrj-ia5 _j_ ^(3Srj-\a^y 

and act on generating elements x a and y a as follows: 


T a0 , x 7 


= + e^x a , 


T Q/3 , y 7 ] = e Q V + 

= 0. 


( 8 ) 


(9) 


( 10 ) 


leaving the group algebra CfSf] invariant: T a0 , Kij 

Clearly, SH 3 (0) decomposes into the infinite direct sum of finitedimensional irreducible 
representations of this sl 2 . Let A s (s is a spin) be the direct sum of all 2s + 1-dimensional 
irreducible representations in this decomposition. So 


A — *4.o © *4.1/2 © *4i 

Evidently, Aq is a subalgebra of A = SH 3 ( 0). 


( 11 ) 


4 








As every clement of the subspace A s for s > 0 is a linear combinations of the vectors 
of the form [/, T af3 ] where T al3 is defined in (D) , every supertrace vanishes on this subspace 
and has non-trivial values only on the associative subalgebra Ao C SH' 3 ( 0) of all s l 2 -singlets. 

Let m — j { x a , y a }. Clearly, m is a singlet under the action of sl 2 (H); m can also be 
expressed in the form 

m — - ( x a y a + 3) or, equivalently, (12) 

m = \ ( y^ a ~ 3 ) • ( 13 ) 

In these formulas the greek indices are lowered and raised with the help of the antisymmetric 
tensor £ a0 \ a a = Yp£ al3 ap- 

The generating elements x“, y a , Qi, Li and the element m satisfy the following relations: 


LiLj di-\-jQj, 

LiQj — Oi-jLj , 

(14) 

QiLj di+jLj, 

QiQj vi—jQji 

(15) 

where = 1 and Si = 0 if i 7 ^ 0 , 

Lpx 01 = y a L i+1 , 

L iV a = x a L i _ ll 

(16) 

QiX a = x a Q i+ 1 , 

Qiy a = y a Qi- 1 , 

(17) 

Liin = — mLi , 

Qi'rn = mQi , 

(18) 

x, x + \ = 0 , [y, y + = 

0, [y, x + ] = [x, y + \ = 3, 


and 

[x, y] = [x + , y + \ = 0 , 

3 

(19) 

[m, x a ] 

= jM. 


[m, y a } 

= -5^' 

( 20 ) 

Corollary 1. There exists Z 3 grading p 

p{Qi ) = 0 , 

p(Li) = -i, 
p(x a ) = 1, 

p(y a ) = - 1 , 

on SH 3 ( 0) dehned by the formulas: 


such that fQi = Qif for any element / G SH 3 ( 0) with p(f) = 0. Particularly, [(x“ 
[(y a )\Q l \= 0 . 

) 3 , Qi = 


Corollary 2. There exists the antiautomorphism r of associative algebra SH 3 { 0): 
r(x a ) = r(y a ) = x 1_Q , r(m) = m, 

j, n(Qj) Qi- 

Every supertrace on SH 3 (y) is completely determined by its values on C [S3] C SH' 3 (u), 
i.e., by the values str( 1), str(K 12 ) = str(K 2 3 ) = str(K 3 i) and str(K 12 K 23 ) = str(K 12 K l3 ), 
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which are consistent with (p) and admit the extension of the supertrace from C [S 3 ] to 
SH' 3 {y) in a unique way, if and only if str(Kij) = v(—2str(l) — str{K\ 2 K 2 'i)) ||. 

It was noticed above that only trivial representations of si 2 can contribute to any su¬ 
pertrace on SH' 3 ( 0). Evidently, the associative algebra Ao of s^-singlets contains only the 
polynomials of m with coefficients in C [S 3 ]. 

To describe the restrictions of all the supertraces on Ao, it is convenient to use the 
generating functions, which are computed in 


TOf for any values of v, and for v = 0 take the 


following form: 


where 



A = f str(e 2/3 « m A) = 0, 

(21) 


Qi = str(e 2/3 * m Qi) = % 

(22) 

Po = 

—2Si + y (e 25 + e" 2? - 2e ? - 2e“ ? ) , 

(23) 

P+ = 

jjSi (-e 2? + 2e~^ + y (e _2? - 2e ? + 3) , 

(24) 

p_ = 

|s x (-e" 2 « + 2e«) + y (e 2? - 2e“* + 3) 

o z 

(25) 

A = 

exp(—3^)(exp(3^) + l) 2 . 

(26) 


Here Si, S 2 are arbitrary parameters, specifying the supertrace in the two-dimensional space 
of supertraces: 

Si = —2str(l) - str(K 12 K 2 3 ), S 2 = jjsfr(l) - ^ str(K 12 K 23 ). 


3 The simplicity of SH%( 0). 

To prove the simplicity of SH 3 ( 0) it is sufficient to prove that elements Qt belong to any 
nonzero ideal X. 

Let / G X, / = /o + f 1/2 + fi + ..., where f s G A s . As [T Q/3 , /] G X then f a G X. So each 
ideal in A is graded. 

Proposition 1. Let I C SH 3 ( 0) be two-sided nonzero ideal. Then there exist nonzero 
polynomial f(x a , y a ) and a polynomial g(x a , y a ) such that fQ 0 + gL 0 G X. 

Indeed, let r G X, r ^ 0. Then at least one of the polynomials rQ 0 , rL 0 , rxQo, rxL 0 , 
ryQ 0 , ryL 0 has the desired form. 

Proposition 2. Let X C SH 3 ( 0) be two-sided nonzero ideal. Then there exist nonzero 
polynomial fo(m) and a polynomial go(m) such that foQo + goLo G X. 

Let f(x a , y a ) 7 ^ 0 and h 0 = fQ 0 + gL 0 G Xf| A s with some polynomial g(x a , y a ). Let 


h 


fc+i — 



(27) 


Evidently, hj~ G X for any k. Then there exists such integer K that h k ^ 0 and hx +1 = 0. 
The vector hx is the highest vector of some irreducible representation of sl 2 algebra (j^) and 
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has the form 


h K = J2 (i x Y(y) 2s l< li( m )Qo + (x) l (y) 2s *Pi(m)L 0 ) ( 28 ) 

i=0 

where some polynomial q n (m ) 7 ^ 0. Then F = ( y + ) n (x + ) 2s ~ n liK G X. Let Fq be the singlet 
part of F. Evidently, F 0 7 ^ 0, F 0 G X, and F 0 = f 0 (m)Q 0 + g 0 (m)L 0 with nonzero polynomial 
fo(m). 

Proposition 3. Let X C SH' 3 ( 0) be two-sided nonzero ideal. Then there exists nonzero 
polynomial fo(m) such that F 0 = fo(m)Qo G X. 

Let F = f(m)Q 0 + g(m)L 0 G X, f(m) 7 ^ 0. Then mf(m)Q 0 = \{mF + Fm ) G X due to 
commutational relations. 

Proposition 4. Let X C SH 3 ( 0) 6 e two-sided nonzero ideal. Then there exist nonzero 
polynomials fi(m ) such that Fi = fi(m)Qi G X for i — 0, ±1. 

Let F 0 = fo(m)Qo G X is nonzero polynomial from Proposition 3. Let us denote the 
singlet part of arbitrary element F G A as (F) 0 Then F { = ( y + F 0 x) 0 = fi(m)Qi and 
Fo = ( x + F 0 y) 0 = f 2 {m)Q 2 are nonzero and belong to X. 

Proposition 5. Let X* = {/(m) G C [m\ : f(m)Qi G X}. ThenTi are nonzero ideals in 
C [m\. 

This proposition follows trivially from Proposition 4. 

Hence there exist polynomials ipi(m) = m ki + ... such that X, ; = < pi(m ) ■ C[m]. 
Proposition 6. X7ie polynomials <Pi(m) generating the ideals Xj satisfy the relations 

To{m) = ±(po(—m), (29) 

^(m) = ±</? 2 (-m). (30) 

Indeed, (po(~ m )Qo — L 0 (p 0 (m)Q 0 L 0 G X, hence ip 0 (—m) G X 0 and all the roots of 
< po(m ) are the roots of 93 0 (— m). Further, Liipi(m)QiL 2 = ^i(—rn)Q 2 and, as a con¬ 
sequence, cpi(—m) = p(m)(p 2 (m) with some nonzero polynomial p(m). Analogously, 
c p 2 {—m ) = q(m)<p\{m) with some nonzero polynomial q(m). So p(m)q(—m) = 1, and 
Pi (~m) = ±(pi (m). 

Now we can prove the following theorem: 

Theorem 1. The associative superalgebra A = SH 3 ( 0) is simple. 

We will prove that arbitrary nonzero ideal in A contains the element 1 G 4. Let X be 
nonzero ideal in A and <Pi(m) generate the ideals X ?: described above. So <Pi(m)Qi G X and 
hence y 3 ipi(m)Qi(x + ) 3 G X. Consider the sfrsinglet part of this element which also belongs 
to X and can be computed with the help of ( 0 : 

(yfy<M<2i(z + ) 3 )0 = P(m)<Pi(m+9/2)Qi 6 I. (31) 

where P(m ) = const( r m + 3/2 )(m + 3)(m + 9/2) 7 ^ 0. (32) 

So P(m)(pi(m + 9/2) G Xj and 

P(m)v7i(m + 9/2) = pj(m)^(m) 

with some polynomials Pi(m). Since is even or odd polynomial, the real part of the 

lightest root of ipo(m) is non negative, and so this lightest root is not a root of polynomial 
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(m + 3/2)(m + 3)(m + 9/2)<^ 0 (?« + 3/2). So (po(m) has no roots and po(m) = 1. One can 
apply the same consideration to the f un ction ip(m) = px{m)ip2{jn) which is even due to 
Proposition 6 and satisfies the equation 

P{m) 2 p(m + 9/2) = pi(m)p2{rn)(p(m) . 

So (pi(rn)(f 2 {. m ) = 1 and = </9 2 (' m ) = 1- 

In such a way, Qi el and 1 = Qo + Qi + Q2 G 1- 


4 Lie superalgebra A L 

Now let us consider Lie superalgebra 21 = A L which consists of elements of associative 
algebra A = SH 3 ( 0) with operation [f,g} — fg — (—1 yl^^gf. This Lie superalgebra has 
an ideal 2 li = [ 21 , 21 } with the following evident properties 

(i) codim 211 = 2 , 

(ii) A x /2 © A © C 2li. 

Let Z be the center of SH' 3 ( 0). Obviously, Z C Aq and so every element of Z is a 
polynomial of m with coefficients in C [S 3 ]. 

Proposition 7. Z = C. 

Let f(m) e Z. As m is even then / is even element also. As rnL t = —, the relation 
[/, m] = 0 gives that /(m) = fi{’ m )Qi- Due to equalities [(a;) 3 , Qi] = 0 and (| 20 j) one has 
[(a:) 3 , /(m)] = (a:) 3 (/(m) — f{m — 9/2)) and as a consequence /(m) = /{m — 9/2). So f(m) 
does not depend on m, f(m ) gC [S 3 ]. To finish the proof it is sufficient to commute / with 
x or y. 

Proposition 8 . Zf|2li = {0}. 

As there exists such supertrace that str(l) 7 ^ 0 and Z = C, it follows from str(Z f| 2li) = 
0 that Z f| 2li = {0}. 

Proposition 9. Let 1 C 2li be an ideal andl even = { 0 }. Thenl 0 dd = {0}. 

Let r G l 0 dd■ Due to sfj invariance one can choose r in the form 

r = E E ((i)”(t/) 2 '-”/m(">)Qi + ( xr(y) 2 -"g ni (m)L i ) 

t=0,l,2n=0 

with odd value of 2s. As (a ;) 3 G *4 . 3 / 2 C 2li then [(a;) 3 , r} G l eV en and {(a;) 3 , r} = 0. So the 
following relations take place: 

55(®) n+ 3 (l/) 2 '“ n + f ni {m + 9/2)) Q { = 0 (33) 

z=0,l, 2 n= 0 

and so f ni = 0 . 

Further, it follows from 0 = {(a:) 3 , r} ~ £<= 0 , 1,2 J2n= 0 ((a ;) 3 + ( y ) 3 ) {x) ri (y) 2s - n g ni {/m)L i 
that g n i(m) = 0 also. Here the sign ~ is used to denote the equality up to polynomials of 
lesser degrees. 

Theorem 2 Lie superalgebra 2li is simple. 

This Theorem follows from the next two general theorems proven by S.Montgomery in 

0 . 
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Theorem 3 Let A be associative simple superalgebra and X C [A L 1 A L } be a graded ideal 
of [A L , A L } such that X ^ [A L , A L }. Then X 3 = {0} ; where T\ = [1, T}, X 2 = [T\ , Xi}, 
X 3 = [X 2 , X 2 }. 

Theorem 4. Let A be associative simple superalgebra andl C [ A L , A L } be agraded ideal 
of[A L , A L } such that [X e „ en , X} C Z(A) where Z(A) is the center of A. Thenl even C Z(A). 

Indeed, let X C 2p be an ideal such that X ^ 2p. Due to Theorem 3 one can consider 
that [X, X} = {0}. Then it follows from Theorem 4 and Proposition 8 that T even = {0}. 
Further, Proposition 9 gives that T odd = {0}, and so X = {0}. 

Theorem 5 Simple Lie superalgebra 2p has at least 2 independent bilinear invariant 
forms. 

Two-dimensional space of supertraces str(-) on A = SH' 3 (0) generates some space of in¬ 
variant bilinear forms B{u , v ) = str{uv ) on 2p. This space is also 2-dimensional. Indeed, let 
some supertrace strop) on A leads to bilinear form Bq on 211 which is equal to zero identically. 
The elements x, y + , xQi and y + Q\ belong to Ai/ 2 C Sp. So, 0 = B 0 (x,y + ) — B 0 (y + ,x ) = 
str 0 ([x, y + ]) = 3str 0 (l) and 0 = B 0 (x, y + Qi) - B 0 (y + ,xQ 3 ) = str 0 ([x, y + }Qi) = 3str 0 (Qi). 
It follows from (£22|) that str 0 (l) = — |(5'i — |S 2 ) and str 0 (Qi ) = i(S'i + |S' 2 ). So S\ = S 2 = 0 
and str 0 is equal to zero identically. 
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